
This week

Conservation of angular momentum

Chap. 12, sec. 1- 5

Last weeks

Oscillations

Chap. 14

Applications of Forces and Torques

Chap. 10, sec. 1- 4

Final Exam

about 5 Problems
about 30 Multiple Choice

covering the entire semester

Early start for those who want it - 6 pm

Extra time granted about 1 hour

Each problem will typically involve several
fundamental physics concepts.

Three possible approaches to solving 
physics problems

Kinematics -Linear and rotational

Dynamics - Linear and rotational

Conservation -Linear and rotational

Energy
Momentum
Angular Momentum

• Position
• Time
• Velocity
• Acceleration

• Angle
• Time
• Angular Velocity
• Angular Acceleration

What the quantities mean.
What the quantities are equal to.

Add Forces Add Torques

Newton’s 2nd Law
Newton’s 3rd Law

Starting a Solution

Xf -Xi = Xtransfer

You have a part time job with a company
that designs loading equipment for 
freight.  Your team has designed a simple
crane for lifting heavy cargo.  A 45.0 kg 
bar 15 ft long is made out of lightweight 
aluminum and is supported at its base by a 
hinge that allows the bar to pivot vertically.  
A support cable runs from the other end of 
the bar that is in the air to the ground.  
The team is worried that the hinge might fail.
Your task is to determine the force on the 
hinge when a package of 225 kg is lifted 
straight up into the air from the end of the 
bar.  You have been asked to consider the 
case where the bar is at an angle of 45° to 
the ground and the support cable is at an 
angle of 30° to the ground.  The package is 
lifted with an acceleration of 0.10g.

Example

H
θ φ

C

Wp

Wb

H = ?

Use dynamics on the bar

Sum horizontal forces = mah = 0

Sum torques out of plane = Iα = 0

a

γ

Geometry of angles to get γ

Sum vertical forces = mav = 0

Take axis of rotation as hinge

T > Wp because package is accelerating up

γ  = θ = 30°

L/2

θ = 30°

φ = 45°

Wp = (225 kg)g

Wb = (45 kg)g

a = 0.10 g

L = 15 ft

What is the force on the hinge?

T

T

+y

+x

Free body diagram 
of bar

H

C
T

Wb
γ

Force diagram of bar

T
Wb

H

C

ΣFy = Hy - Cy - Wb - T = 0

ΣFx = Hx - Cx = 0

γ

Hx
2 + Hy

2 = H2

Cy = C sinγ

Cx = C cosγ

Forces

W = mg

T

Free body diagram 
of package

Wp

ΣFy = T - Wp



µ
θ φ

β µ

γ + β = φ

β = 45° - 30° = 15° 

µ + φ + 90o = 180°

µ = 90° - 45° = 45°

Στ = L Ct

Ct = C sinβ

Tt = T sinµ

Wbt = Wbsinµ

Geometry

H

C
T

Wb

γ

Torque

- L Tt - (L/2) Wbt = 0

Find H

Hx
2 + Hy

2 = H2

Hx -C cosγ = 0

Find Hx (Forces)

L Csinβ - L Tsinµ - (L/2) mbg sinµ = 0

Find C (Torque)

Csinβ - Tsinµ - (1/2) mbg sinµ = 0

Find T (Forces on package)

T - mpg = mp a

unknowns

H

Hx, Hy

C

T

Can solve for Hx

[1]

[2]

[3]

[4]

Hx = cosγ (mp (a + g ) sinµ + (1/2) mbgsinµ ) / sinβ

Csinβ - mp (a + g ) sinµ - (1/2) mbg sinµ = 0

T = mp (a + g )

Csinβ = mp (a + g ) sinµ + (1/2) mbg sinµ

C = (mp (a + g ) sinµ + (1/2) mbg sinµ) / sinβ

Hx = cos30° ((225kg) (9.8) (m/s2)(1.1) sin45° + 

(1/2)(45kg) (9.8) (m/s2) sin45°) / sin15°)

Check units

Everything is known

Just plug in the numbers

T - mpg = mp a[4] Solve for T put in [3]

Solve for C put into [2]

Ok units of force = units of ma

Find Hy (Forces)

Find C (from before)

Find T (from before)

T = mp a + mp g 

Hy -C sinγ - mbg - T = 0

Hy =sinγ ((mp (a + g ) sinµ + (1/2)mbg sinµ ) / sinβ )

+mbg + mp (a + g )

Everything is known

just plug in the numbers

Check units

Finally
Hx

2 + Hy
2 = H2

C = (mp (a + g ) sinµ + (1/2) mbg sinµ) / sinβ

used

τ = rFt

Defined the bar as the system

needed to find angles

needed to find angles

took hinge as axis 
of rotation

Defined package as the system

on package to get T

Organize the algebra

amF rr
=∑

Fx∑ = 0

Fy∑ = 0

0=τ∑
r

Fr
rrr ×=τ

amF rr
=∑

Review
An ice skater is spinning in place on the ice 
when he brings his arms in close to his body.  
Determine his angular speed as a function of 
his initial and final moment of inertia and 
initial angular speed.

ωo ω f

Io If

1
2

If ωf
2 −

1
2

Ioωo
2 = 0

ω f
2 =

Io
If

ωo
2

ω f =
Io
I f

ωo if I f < Io

ω f > ωo
Is it true?

Rotations and Conservation

Dynamics (vector) ∑ α=τ
rr

I

Conservation of Energy (scalar) KE = 1
2

Iω2

initial final

Possible approaches

Use energy ---- system:  skater



ω f =
Io
If

ωo

prediction

if I increases by a factor of 4
ω decreases by a factor of 2

Do an experiment like this in lab

Increased I

system: disk, ring

This prediction does not work out

Determine actual relationship in lab

check quantitatively with experiment
Prediction and Experiment

Conservation of Energy

forgot the change of internal energy

1
2

Ifωf
2 − 1

2
Ioωo

2 + ∆Eint ernal = 0

In case of skater

Internal energy decreases to pull arms in

In case of disk and ring

Internal energy increases in inelastic collision

Conservation of energy is not useful.

What is wrong

Don’t know the change of internal energy

I fω f − Ioω o = 0

ω= rr
IL

In case of skater or ring dropped on disk

No external interaction
No angular momentum transfer

initial
system

ooI ωr

final
system

ffI ω
r

system

input

output

  
r  
L input

  
r  
L output

Conservation of angular momentum

outputinputif LLLL
rrrr

−=−

outputinputtransfer LLL
rrr

−=∆

ω f =
Io

I f
ωo

If I increases by a factor of 4
ω decreases by a factor of 4

τ = Iα

τ = I dω
dt

τdt∫ = I
dω
dt

dt∫ = I
dω
dt

dt∫

Need an external interaction: external torque

τdt
int eraction  time

∫ = I ω f − ωi( )

τdt
int eraction  time

∫ = Lf − L i

τdt
interaction time

∫ = ∆L transfer

L f − Li = ∆L transfer

Angular momentum transfer

x

initial

x

F

interaction

x
ω

final

Use Dynamics
ω=
rr

IL

transfersystem LL
rr

∆=∆

∆Ltransfer = τdt
interaction time

∫

Angular momentum

Angular momentum is conserved

A 250 g hockey puck traveling across the ice 
at 5.0 ft/sec hits the end of a 1.0 kg hockey 
stick that is laying at rest on the ice.  The 
puck hits the hockey stick 3.0 ft from its 
center of mass.  The puck bounces straight 
back at 1.0 ft/sec.  How does the hockey stick 
move just after it is hit?  The moment of 
inertia of the hockey stick rotating about its 
center of mass is 0.10 kg m2.  



v f=1.0 ft/s

v o=5.0 ft/s
mp=0.25 kg

Is=0.10 kg m2 v s
ωms=1.0 kg

Use conservation of momentum

What is the velocity of the center of mass of 
the hockey stick and the angular velocity  
about the center of mass?

Use conservation of angular momentum

system: puck + stick

initial time: just before the collision

final time: just after the collision

r=3.0 ft

Use conservation

Conservation of energy is useless.  Why?

Initial time

+x

+y

+x

+y
Final time

conservation of momentum: no momentum 
transfer

msv s − mp vf( )− mpvo = 0

Momentum: system:  puck + stick

Angular momentum: system:  puck + stick

Does the system have angular momentum 
after the collision?

Is there any angular momentum transfer 
to the system?

Does the system have angular momentum 
before the collision?

Gives the velocity of center of mass!
Need to get the angular velocity.

po ps

pf

conservation of angular momentum:

0LL if =−
rr

No external torque

v omp

Is

r

What is ω for the system ?

ω =
v t

r

ω o =
vo

r
just before collision

An object moving in a straight line 
can have an angular velocity

Depends on axis of rotation

Initial angular momentum

Before Collision

L i = Ipω o = Ip
vo

r Direction: same as ω
out

Does the hockey puck have a 
moment of inertia?

Depends on the axis of rotation

I =mpr2

Angular momentum of hockey puck just 
before the collision

L = mpr2( )v o

r
= mprvo

Angular momentum of stick 
just before collision?

What is the angular momentum of system 
just before the collision?

Direction out

Choose out as +

v fmp

Is

r

ω out

Conservation of angular momentum

− mpr2 vf

r
+ Isω − mpr2 vo

r
= 0

L z  f inal − Lz  initial = 0

Gives angular velocity about center of mass

Solves the problem:

Objects moving in straight lines can 
have angular momentum !!!

After Collision

Direction?

Final direction same as initial direction: out

0LL if =−
rr

stickpucksystem LLL
rrr

+=

msvs − mp vf( )− mpvo = 0

msvs = mp vo + mp vf

Find vs

v s =
mp

ms
vo + v f( )

check units

v s = 1.50 ft
s

note that there was no need to convert to 
consistent units.

v s =
0.25kg
1.0kg

5.0
f t
s

+ 1.0
f t
s

 
 

 
 

Conservation of Momentum



− mpr2 v f

r
+ Isω − mpr2 v o

r
= 0

Find ω

Isω = mpr2 v o

r
+ mpr2 vf

r

Isω = mp r v o + v f( )

ω =
mpr vo + vf( )

Is

check units

put in numbers

Conservation of Angular Momentum Just before the puck hits the stick it has an 
angular momentum with respect to the 
center of mass of the stick.

L = mpr2( )vo

r
= mprvo

What is the angular momentum of the 
puck with respect to the center of mass 
of the stick some time before that?

r

ω =
vt

r

I = mpr2

v t is the component of v 
perpendicular to r

v

mp

Is

d

Does the angular momentum of the puck 
change as it moves toward the stick?

v t

ω= rr
IL

+y

+x

ω =
vt

r

I = mpr2

v
mp

Is

r
dθ

r

θ
θ c osθ =

v t

v

cosθ = d
r

v t = v
d
r

L = Iω = mr2( )vt

r
= mrvt

Angular momentum of puck

L = mrv
d
r

= mv d Does not change!!!

vt

v

Another expression for angular 
momentum of a particle

X

r

p

+y

+x

r

θ

Magnitude of angular momentum rpt

direction
r (p cosθ)

right hand rule: from r to p

out

prL rrr
×=

Angular Momentum as 
a Cross Product

pt
θp

Angular momentum is in direction of 
angular velocity.  Out in this case.

ω=
rr

IL transfersystem LL
rr

∆=∆

Any change in the angular momentum 
of a system must come from

Interactions with objects outside the system

You choose the system

System bicycle wheel

Direction of Angular Momentum of system

Angular Momentum transfer by ?

Conservation of angular momentum

Initial: down final: up

ω : up

turn it over

ω : down

transfer
time eractionint

Ldt
rr

∆=τ∫

Another system

System bicycle wheel + person + stool

Direction of Angular Momentum of system

Initial: down Final: down

No Angular Momentum transfer

Final

ω w : up

Initial

ω  : down

Chair is free to turn (no external torque)

ωp : downturn it over



balanced

Now apply a force

F

The force causes a torque on the system

Torque direction: out

r

Fr
rrr ×=τ

The torque causes angular momentum 
transfer to the system

transfer
time eractionint

Ldt
rr ∆=τ∫

Angular momentum transfer direction: out

Angular Momentum Transfer

pivot point

∆Ltransfer is out

L i = 0 Lf = ?

Conservation of angular momentum

transferif LLL
rrr

∆=−

Lf = ∆Ltransfer Lf is out

ω=
rr

ILf ω is out

System turns up

What happens if wheel is spinning?

The rotating wheel has a large angular 
momentum

F

r
L

Angular momentum transfer
Balanced with 
rotating wheel

apply a force
L

F

r

The force causes a torque on the system

Torque direction: out

Fr
rrr ×=τ

The torque causes angular momentum 
transfer to the system

transfer
time eractionint

Ldt
rr

∆=τ∫

Angular momentum transfer direction: out

∆Ltransfer is out
Conservation of angular momentum

transferif LLL
rrr

∆=−

Angular momentum from the wheel is always 
along the bar

L

F

r

+x

+z

L i +x
+y

+z
∆L

Lf

L i

∆LLf

top view3-D view

Bar turns so that wheel angular momentum in 
direction of final angular momentum

How does the system move?

itransferf LLL
rrr

+∆=

ωbar is up

When the bar turns
angular momentum transfer is still 
perpendicular to the bar

Bar turns again so that wheel angular 
momentum in direction of final angular 
momentum

The bar keeps turning

top view

Li

Lf

∆L

∆L

Lf
∆L


